Ensembles of electron spins in hybrid microwave systems [1] are powerful and versatile components for future quantum technologies. Quantum memories with high storage capacities [2] are one such example which require long-lived states that can be addressed and manipulated coherently within the inhomogeneously broadened ensemble. This broadening is essential for true multimode memories, but induces a considerable spin dephasing and together with dissipation from a cavity interface [3] [4] [5] poses a constraint on the memory's storage time. In this work we show how to overcome both of these limitations through the engineering of long-lived dark states in an ensemble of electron spins hosted by nitrogen-vacancy centres in diamond. By burning narrow spectral holes into a spin ensemble strongly coupled to a superconducting microwave cavity, we observe long-lived Rabi oscillations with high visibility and a decay rate that is a factor of forty smaller than the spin ensemble linewidth and thereby a factor of more than three below the pure cavity dissipation rate. This significant reduction lives up to the promise of hybrid devices to perform better than their individual subcomponents. To demonstrate the potential of our approach we realise the first step towards a solid-state microwave spin multiplexer by engineering multiple long-lived dark states. Our results show that we can fully access the "decoherence free" [6] subspace in our experiment and selectively prepare protected states [7] by spectral hole burning. This technique opens up the way for truly long-lived quantum memories, solid-state microwave frequency combs [8] , optical to microwave quantum transducers [9, 10] and spin squeezed states. Our approach also paves the way for a new class of cavity QED experiments with dense spin ensembles, where dipole spin-spin interactions become important and many-body phenomena [12, 13] will be directly accessible on achip.
A major breakthrough for engineered solid-state quantum systems was the first demonstration of coherent exchange of single energy quanta in a superconducting circuit [14] . Since then these circuits have shown remarkable progress [15] with many quantum operations and applications having been demonstrated [16] . However a fundamental issue have been the short coherence times of these solid-state devices, in particular as compared to atomic systems [17] . A promising way to overcome this limitation is to use electron spins in semiconductor crystals which have shown remarkably long coherence times (up to almost one hour [18] ). These artificial atoms [19] are naturally long-lived quantum memories, yet easy manipulation has been challenging. This is where a suitable combination of different components to form "hybrid" quantum systems has become a key strategy [20] . The hybridisation of superconducting circuits with electron spin ensembles [3, 4, [21] [22] [23] [24] has the potential to bypass the weaknesses of the individual systems while harnessing their individual strengths, such as easy manipulation and long coherence times. Recent experiments have shown the possibility of coherent energy exchange [25, 26] on the single photon level and basic memory operations have also been demonstrated already in this context [25] [26] [27] .
The most pressing challenge in these hybrid systems remains to suppress spin dephasing induced by inhomogeneous spectral line broadening caused by the spin host material or by spin diffusion due to spin-spin interactions. The realisation of true multi-mode memories is however only possible in the presence of inhomogeneous spectral spin broadening such that their short memory times have to be actively recovered by echo refocusing techniques [28] or improved by the cavity protection effect [5] . Here we will present an alternative approach that circumvents the necessity for such recovery protocols, by exploiting the long-lived coherence of collective dark states [29] . Instead of employing many individual broad subensembles [30] we demonstrate here that such long-lived states can be engineered within the spin distribution by burning judiciously placed spectral holes, which creates isolated dark states protected against dissipation to the cavity and dephasing in the remaining bath of subradiant modes.
Our experimental system is composed of a superconducting resonator with a diamond crystal containing an ensemble of negatively charged nitrogen vacancy (NV) centre [31] electron spins magnetically coupled to it. The loaded cavity is then placed in a dilution refrigerator operating at low temperatures (≤25 mK) see Fig. 1(a) . The resonator is characterised at zero external magnetic field by transmission spectroscopy measurements and has a cavity linewidth κ/2π = 440 ± 10 kHz (HWHM) with a fundamental resonance at ω c /2π=2.691 GHz and a quality factor of Q = 3130 (see Fig. A1 ). The diamond crystal has an approximate NV concentration of ≈ 4×10 17 cm
and is almost entirely polarised (≥99 %) at our refrigerator base temperature. The macroscopic spin ensemble in the cavity mode volume consists of N ≈ 10 12 NV spins. These effective two-level systems are then Zeeman shifted into resonance with the cavity by applying an external d.c. magnetic field tilted by 45
• in the (100) plane of the crystal, at which two NV subensembles are brought into resonance with the resonator as shown in Fig. 1(c) .
We observe a clear normal mode splitting and Rabi oscillations with a frequency Ω R /2π = 21.3 ± 0.1 MHz as well as a linewidth and decay rate Γ/2π = 2.9 ± 0.1 MHz (FWHM), by carefully probing the system with low intensities of <10 −6 photons per spin in the cavity (see Fig. A2 ). Although the single spin-cavity coupling strength, g j , is rather small ( < ∼ 10 Hz [4] ), the large number N of weakly dipole-dipole interacting spins allows us to deeply advance into the strong-coupling regime (Ω R Γ κ) with a cooperativity C ≈ 20. Such an ensemble of individual two-level systems coupled to a single mode cavity is described by the Tavis-Cummings model [32] , which in the rotating wave approximation can be written as
with bosonic creation (annihilation) operators a † (a) standing for the cavity mode whose frequency is ω c . The Pauli spin operators σ ±,z j are associated with the j th spin whose frequency is ω j . In such an ensemble of N spins, sharing a single excitation, one finds a superradiant state The coupling of the cavity and spin ensemble gives rise to two polariton modes |± = (|1 c |G s ± |0 c |B s )/ √ 2 which are maximally entangled states between the cavity and the superradiant spin state. The hybridisation of the polariton modes or vacuum Rabi splitting [34] is due to a 
scaling approximately as √ N , whereas subradiant states remain uncoupled and degenerate in the absence of spin broadening. In this sense an excitation that is stored in the subradiant space [6, 27] will be protected from dissipation in the cavity mode and can be recovered by a spin echo, till eventually it decays with the single spin dissipation rate γ [28] . The polariton modes and subradiant states, however, will not be entirely decoupled from each other in the presence of inhomogeneous spin broadening, corresponding to a variation of ω j centered around a central spin frequency ω s . In our experiment the broadened spin ensemble has a linewidth γ inh /2π = 9.4 MHz (FWHM) and a q-Gaussian spectral line shape ρ(ω) [35] . This line broadening is a source of decoherence, which accelerates the evolution of an excitation stored in the superradiant spin state into the bath of subradiant states.
A solution to extend the coherence times and to circumvent spin dephasing has been pointed out in recent works [36] [37] [38] . The polariton modes |± can be energetically decoupled from the bath of subradiant states by the "cavity protection effect", and the total decay rate Γ is substantially reduced in the limit of large coupling strengths Ω. An implementation of this approach re- quires, however, extremely large coupling strengths Ω [5] and reaches its fundamental limit Γ = (κ + γ)/2 only for Ω → ∞. At first sight it seems utterly impossible to go below this limit, since the decay rate of an excitation that is equally shared between the cavity and the spin ensemble is naturally bounded from below by the average of both decay rates. In the case at hand where the spin decay is much smaller than that of the cavity, γ κ, a possibility to break this limit of Γ = (κ + γ)/2 would be to engineer polariton states that live mostly in the spins and only very little in the cavity. As theoretical predictions suggested recently [39] , such "collective dark states" can be created simply by spectral hole burning -a recipe which is conveniently implemented by bleaching or shelving away distinct spectral spin components of ρ(ω) through an externally applied pulse. As we will show below such a preparatory step is ideally suited as an all-purpose solution for reducing the decoherence which can in principle be followed by an arbitrary protocol that fits within the long lifetime of the spectral holes.
As we will see later on the optimal locations for burning narrow spectral holes of width ∆ are at the centre ω s of the spin ensemble and at the position of the polariton modes ω s ± Ω R /2, as shown in Fig. 2 (b) and (c), respectively. At these positions, states isolated from the bath of subradiant states emerge and lie within the spectral holes ∆. In other words, the eigenstates at ω s and ω s ± Ω R /2 are an antisymmetric superposition of spins blue and red detuned with respect to the spectral hole. This fact distinguishes these dark states from the remaining subradiant states and we can write them as an antisymmetric
with an effective cavity spin coupling strength g µ . On the other hand saturated spins in the spectral hole remain uncoupled and do not contribute. Such engineered dark states |D result in narrow peaks in the transmission, with a linewidth Γ D ≥ γ directly related to the width of the spectral hole ∆, which can be substantially narrower than cavity linewidth κ as we show below. In the following we engineer dark states at ≈ ω s ±Ω R /2 as in Fig. 2(c) and thereby introduce coherent long-lived Rabi oscillations between the spin ensemble and the cavity. We experimentally implement a high intensity hole burning pulse and study the reduced cavity decay of the hybridised system. The probe tone ω p = ω c = ω s is modulated by a sinusoidal signal sin(Ω R t/2)e −iωpt and a Gaussian envelope resulting in two frequency components at ω p ± Ω R /2 with ∆/2π = 470 kHz bandwidth. We use power values of up to 20 milliwatt corresponding to a steady state of ≈ 10 4 photons per spin in the cavity. This intensity is strong enough to bleach spin components selectively at the frequencies of the modulated drive signal by bringing them into a mixture of their ground and excited state and cancelling their effective spin-cavity interaction. Note that saturated spins will decay then slowly towards their ground state on a time scale of ≥10 ms, given by their spin lifetime [4] of T 1 =45 s which is shortened due to the Purcell effect [40] . When increasing the hole burning pulse intensity as shown in 
(a)
A sinusoidal pulse with modulation frequency, 2π 9.6 MHz ≈ ΩR/2, and carrier frequency, ωp = ωc = ωs (gray area), burns two spectral holes at ωp/2π ± 9.6 MHz of width ∆/2π = 470 kHz (FWHM). After the pulse intensity reaches a critical threshold (inset) the decay rate is slowed down after the drive is switched off (red). For comparison we also plot the decay rates κ, Γ and γ. (b) Close up of the damped Rabi oscillations within the time interval of 0.5 µs shown in (a). The Rabi frequency can be controlled by varying the modulation frequency as is shown in (c). (d) We scan the spectral transmitted steady state intensity through the cavity with low probe powers of ≈ 10 −5 photons per spin: before (blue) and >5 µs after (green) a hole burning pulse has decayed. Spectral holes were burned at ≈ ωs ± ΩR/2 and as a result two narrow peaks emerge directly on top of the polaritons due to the created dark states. The unequal amplitudes are attributed to an additional Fano resonance, although spins and cavity are in resonance ωc = ωs. The lifetime of the holes is measured by repeatedly probing the system with low intensities and monitoring the decaying amplitude (inset). (e) Linear dynamical response for a sinusoidally modulated weak pulse with a carrier frequency ωp = ωc = ωs and a modulation frequency ΩR/2 (gray area). The substantially longer coherence time is proved by applying the same pulse as in (e), 5 µs after the holes were burnt and the cavity was emptied. The errors in (a-f ) correspond to the min and max values of the estimated decay rates and in the inset of (d) to the 1σ deviation.
the inset of Fig. 3(a) we find that dark states emerge above a certain power threshold. After we switch off the hole burning pulse shown in Fig. 3(a) , we observe coherent Rabi oscillations with a transmitted intensity |A(t)| 2 through the cavity that decays substantially slower than for drive powers below the threshold (see Fig. 3(b) for more detail). In Fig. 3(c) we demonstrate that the hole burning procedure not only suppresses the decoherence but also allows us to control the Rabi flopping frequency when varying the position of the spectral holes.
In our system the best achievable decay rate of the engineered collective dark states is Γ D /2π = 250 ± 10 kHz by creating spectral holes at frequencies ω p /2π±9.6 MHz, which is significantly below the fundamental limit reach-able by the "cavity protection effect" [5, [36] [37] [38] . To observe the effect of hole burning and created dark states directly, we compare spectroscopic transmission measurements without hole burning and 5 µs after a hole burning pulse has been applied and the cavity field has decayed. The spectrally resolved transmitted steady state intensity |A(ω p )| 2 is shown in Fig. 3(d) by scanning ω p before and after spectral holes were burnt at positions equal to ω s ± Ω R /2: as a result of the spectral holes two narrow dark states emerge directly on top of the polariton peaks. The created spectral holes and engineered dark states in Fig. 3(d) decay with a time constant τ = 26.7 ± 2.17 µs due to spin diffusion limiting the spectral hole lifetime. Note that in our experiment the spectral hole lifetime is more than a factor or four longer than the best achievable spin echo time T 2 = 4.8 ± 1.6 µs, although they are both limited by the same processes in our experiment (see appendices for further details).
To prove that this long-lived coherence can also be used for protocols that follow the hole burning procedure -such as for storing a low intensity excitation -we drive the system with a pulse sin(Ω R t/2)e −iωpt (ω p = ω c = ω s ) corresponding to <10 −5 photons per spin in the cavity. Before the hole burning sequence we observe the unchanged system decay rate Γ/2π = 2.9 ± 0.1 MHz after switching off this weak drive -see Fig. 3(e) . We then apply a hole burning pulse and 5 µs after the signal has decayed the system is probed again. Remarkably, the Rabi oscillations need substantially longer time to set into the stationary state, which is a clear signature of the improved coherence time. After the pulse is switched off, two decays rates are discernible in the Rabi oscillations, see Fig. 3(f) . We first observe a decreased decay rate, Γ /2π = 1.1 ± 0.1 MHz, related to the time scale defined by the width of the polaritonic peaks which is, however, modified due to the hole burning and the interference between the energy stored in the spin ensemble and in the cavity. These dynamics are followed then by a crossover to a second even much slower asymptotic decay, Γ D /2π = 0.4 ± 0.04 MHz, owing to the created dark states. These results demonstrate that our hole burning technique can be used as a convenient preparatory stage for many possible quantum information processing protocols. Since it is easy to implement and requires no active refocusing techniques, we expect this approach to find wide-spread use in hybrid quantum technology.
To point a way towards one such future application, we also implemented multiple dark states by burning spectral holes with ∆/2π = 300 kHz bandwidth in the spin ensemble at ν 1 = ω s /2π ± 9 and ν 2 = ω s /2π ± 10.8 MHz whereby four isolated dark states in the proximity of the polariton modes are created. In Fig. 4 we probe the dynamical response of this engineered system with low probe intensities corresponding to <10 −5 photons per spin in the cavity. We drive the cavity with a short sinusoidally modulated microwave pulse and observe a clear beating in the Rabi oscillations with beat frequency ≈ 1.8 MHz corresponding to the difference of both spectral hole frequencies ∆ ν21 = 1.8 MHz. The beating produces two revivals in the Rabi oscillations which is a clear signature of the coherent nature of the created multiple dark states beating against each other. We have thus realized a key step towards constructing an on-chip all solid-state microwave frequency comb with long coherence times that may be a key component in future quantum memories and transducer networks. 
Appendices Experimental implementation
The microwave cavity is loaded by placing the diamond sample on top of the λ/2 transmission line resonator. The super conducting microwave cavity is fabricated by optical lithography and reactive ion etching of a 200 nm thick niobium film sputtered on a 330 µm thick sapphire substrate. The loaded chip is hosted and bonded to printed circuit board enclosed in a copper sarcophagus and connected to microwave transmission line.
The spin ensemble is realised by enhancing a tybe Ib high pressure high temperature diamond (HPHT) crystal containing an initial concentration of 200 ppm nitrogen with a natural abundance of 13 C nuclear isotopes. We achieve a total density of ≈ 6 ppm NV centers by 50 hours of neutron irradiation with a fluence of 5×10 17 cm −2 and annealing the crystal for three hours at 900
• C. Excess nitrogen P1 centers (S = 1/2) and additional lattice stress serve as main source of decoherence and spectral line broadening, by far exceeding the de-phasing due to the natural abundant 1.1%
13 C spin bath. The diamond was initially characterised at room temperature by an optical laser scanning microscope.
The negatively charged nitrogen vacancy (NV)
center is a paramagnetic impurity with electron spin S = 1 which consists of a substitutional nitrogen atom and an adjacent vacancy in the diamond lattice. The electron spin triplet can be described by the Hamiltonian, H/h = DS 2 z + µBS, with µ = 28 MHz/mT and a large Zero-field splitting D = 2.877 GHz corresponding to hD/k B ≈ 138 mK allowing to thermally polarize the NV spin at finite temperatures of 25 mK up to 99%. Due to the diamond lattice structure four different orientations of the adjacent vacancy are possible resulting in four NV subensembles. Magnetic field strengths of the order of |B| = 8 mT are sufficient to bring cavity and spins in resonance, applied in the (100) crystallographic plane and in plane with the resonator. In the experiments presented in the main text the magnetic field is rotated by 45
• in plane, at which only two subensembles are degenerate and in resonance with the cavity.
The measurement scheme is an autodyne detection scheme for spectral hole burning and for measuring the transmitted intensity |A(t)| 2 through the cavity. The signal of a microwave source is split into two paths one serving as cavity probe tone and one as a local oscillator both with frequency ω p . The cavity probe tone is modulated by a frequency mixer and an arbitrary waveform generator (AWG) with 2 GS/s sampling frequency. The pulsed microwave probe tone can be attenuated up to -45 dB and routed by a fast switch through a high power amplifier with +40 dB gain. The microwave drive is then fed into the cryostat and attenuated by -2 dB on the 4 K stage allowing the application of up to 500 milliwatt power at the cavity input. The transmitted signal is fed into a low noise amplifier with +40 dB gain on the 4 K stage and mixed with the reference signal and both quadrature signals are recorded by an oscilloscope with 5 GS/s sampling frequency. From the measured quadrature's I(t) and Q(t) the transmitted microwave intensity |A(t)| 2 is calculated and plotted in Figs 3,4 and S2. The transmitted intensity through the cavity results in a steady state signal of |A| 2 = 5 × 10 −4 ± 2.5 × 10 −7 (V 2 ) for a single shot of the 100 times averaged measurements shown in Fig. 3 
Spectroscopic measurements
Spin echo spectroscopy measurements are employed to quantify the spectral hole lifetime. A CarPurcell-Meiboom-Gill (CPMG) sequence [41] is employed to estimate the spin-spin relaxation time (T 2 ), and stimulated echo spectroscopy [42] techniques are used to measure the spin-lattice relaxation time in the rotating frame (T 1ρ ). The best achievable echo times in our experiment are T 2 = 4.8 ± 1.6 µs and T 1ρ = 6.4 ± 0.59 µs measured by CPMG and stimulated echos, respectively. We therefore conclude that the spin dissipation rate γ = 1/τ = 2π 5.9 kHz is dominated by spin diffusion in our experiment since T 2 ≈ T 1ρ . Although limited by the same process the spectral hole lifetime is more than a factor or four longer than T 2 and T 1ρ . This can be explained by the misalignment of the external d.c. magnetic field [43] with respect to the NV axis and a bath of excess electron and nuclear spins in the host material.
Theoretical analysis
The modelling of the dynamics after the hole burning process is done by deriving the Heisenberg operator equations for the cavity and spin operators,ȧ = The probe frequency ωp is scanned and the cavity scattering parameter |S21| 2 is measured by a vector network analyser. At zero external magnetic field the (black) the cavity is largely detuned from the NV spin ensemble (ωs = ωc) and the bare cavity with a linewidth κ/2π = 440 ± 10 kHz (HWHM) with a fundamental resonance at ωc/2π=2.691 GHz and a quality factor of Q = 3, 130 is observed. A d.c. magnetic field of |B| ≈ 8 mT is applied and a normal mode splitting (blue) ΩR/2π ≥ 19 ± 0.1 MHz is observed with a linewidth Γ/2π = 2.9 ± 0.1 MHz (FWHM) when the spin ensemble is in resonance with the cavity (ωs = ωc).
ing is a nonlinear process, our primary aim here is a theoretical model which is capable of capturing the linear non-Markovian dynamics in the limit of weak driving powers after the holes in the spin density have been burnt. This allows us to simplify the equations by setting σ z j ≈ −1 (Holstein-Primakoff-approximation [44] ) and we derive the following linear set of first-order ODEs with respect to the cavity and spin amplitudeṡ
where A(t) = a(t) and B j (t) = σ − j (t) with η(t) being a time dependent drive term with a carrier frequency ω p .
Owing to the large number of spins within the ensemble, we introduce a continuous spectral density as
is the collective coupling strength of the spin ensemble to the cavity. Finally, we set up the so-called Volterra equation for the cavity amplitude, A(t) = A rectangular 800 ns long microwave pulse (gray area) with carrier frequency ωp = ωc = ωs is applied. The transmitted intensity |A| 2 is measured by an auto-dyne measurement scheme and the down converted signal is displayed. At zero external magnetic field (ωp = ωc = ωs) the bare and resonant cavity transmission (black) is observed. After the drive is switched off the intensity decays with κ = 440 ± 10 kHz. The NV ensemble is brought into resonance with the cavity (ωp = ωc = ωs) by a Zeeman shift and the system hybridises. We observe clear Rabi oscillations (blue) in the transmission signal with ΩR/2π ≥ 19 ± 0.1 MHz and a decay rate Γ/2π = 2.9 ± 0.1 MHz. Both signals have been normalised with respect to their maximal transmitted intensity. dωρ(ω)S(ω, t, τ ) (see [5, 38] for details). The latter has a nontrivial structure and strongly depends on the exact shape of the spectral spin density ρ(ω). The system dynamics is then calculated by assuming a weak sinusoidal driving pulse, η(t) = sin(Ω R t/2) e −iωpt , with the carrier frequency matching the resonance condition ω p = ω s = ω c , similarly to what is done in the experiment (see Figs. 3 (e),(f) in the main text). The resulting dynamics is displayed in Figs. A3 (b),(d) for the case without and with hole burning. Note that we achieve good agreement with the experimental data.
The connection between the physics of spectral hole burning and the collective dark states shown in Fig. 2 of the main article is made by solving the eigenvalue problem of our spin-cavity system and analyzing the resulting spectra. After substituting A(t) = A exp(λt), B j (t) = B j exp(λt) and η = 0 into Eqs. (2), we derive the complex eigenvalue problem for λ, which can be represented schematically as, Lψ = λψ, with ψ = (A, B k ) T . Note that in Fig. 2 of the main article, the value of E = Re(λ) is depicted. Remarkably, here we take advan- tage of the previously established precise continuous form for the spin density ρ(ω) and discretise straightforwardly our problem by performing the following transformation, g µ = Ω ρ(ω µ )/ l ρ(ω l ). Since in total we deal with a sizeable number of spins (N ≈ 10 12 ), we make our problem numerically tractable by dividing spins into many spin packets, so that g µ represent a coupling strength within each spin packet rather than an individual spin coupling strength g j . To provide an intuitive understanding how spectral hole burning reduces the decay rate we discuss here the case when spins at frequencies ω s and ω s ± Ω R /2 with respect to the central spin frequency ω s in a frequency window of width ∆ are saturated and remain uncoupled.
